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FURTHER TIME REGULARITY FOR NON-LOCAL, FULLY 
NON-LINEAR PARABOLIC EQUATIONS 

HECTOR A. CHANG-LARA AND DENNIS KRIVENTSOV 


Abstract. We establish Holder estimates for the time derivative of solutions of non-local 
parabolic equations under mild assumptions for the boundary data. As a consequence we 
are able to extend the Evans-Krylov estimate for rough kernels to parabolic equations. 


1. Introduction 

Parabolic non-local equations are used to describe a quantity (temperature, pressure, 
expected value of a game, etc.) that is driven by an average of its values. These could be 
given by a linear equation u t = L^u posed over a space-time domain fl x (t 0 ,ti] 11" x R 
where, 

L K u(x,t) = (2- a) f [u(x + y,t)-u(x,t)-y-Du(x,t)l Bl {y)] K , ^+J dy. 

jR n \y\ 

This is the infinitesimal generator of a purely discontinuous Levy process of order a G (0,2) 
with a non-negative Levy measure y x (dy) = (2 — a) ^n+} dy. In particular, K(x,y) = 1 
corresponds to a positive multiple of the fractional laplacian, C n>tT A CT / 2 = —Cn iCT (—A)' 7 / 2 

defined in terms of the Fourier multiplier (—A)* 7 / 2 = |£| CT . The factor (2 — er) is included in 
order to obtain a positive multiple of the standard laplacian as a A 2~, connecting in this 
way with the classical second order theory. 

Fully non-linear operators can be obtained, for instance, by considering inf and sup 
combinations of linear operators as above, 

Iu(x, t) — inf sup Lk g u(x,t). 

a p 

In particular, these are the constructions that appear in stochastic games with multiple 
players. They should be kept in mind whenever we refer to a fully non-linear operator 
Iu in this introductory section. In Section [ 2 ] we recapitulate the precise definition of fully 
non-linear uniformly elliptic operators following the reference [2]. 

L. Caffarelli and L. Silvestre studied in a series of papers ME] the interior regularity 
of the elliptic problem Iu = f(x). Their approach adapted the Krylov-Safanov and Evans- 
Krylov theory for fully non-linear equations to the non-local setting. This allowed them to 
recover uniform estimates as the order a —> 2~, extending the second order theory of fully 
non-linear equations to non-local problems. In the parabolic setting, the first author of this 
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paper in collaboration with G. Davila considered in [7J [ 8 j [ 6 ] the corresponding parabolic 
estimates by adapting the strategies from Mi- We discuss further developments of the 
theory in the following paragraphs, in particular those closely related with the present work. 

In this paper we address the time regularity of the solution. This is one remarkable point 
of departure between the local and the non-local equations. Let us recall that solution of 
the local heat equation Ut = A u over D x (fo,H] ^ i" x 1 is C°° in space and time on 
the interior of the domain regardless of the nature of the initial and boundary data. On 
the other hand, for the fractional equation u t = A CT//2 m over Q x (f 0 ,ti] this turns out not 
to be the case. While solutions will instantly become C°° in space, a simple example (see 
0 ) shows that if the boundary data drastically changes at a given time then u might be no 
smoother than Lipschitz continuous in time. In other words, the non-local nature of A CT//2 is 
more sensitive to changes of the data posed over the complement of D. 

Our main theorem says that whenever the complementary data is Holder continuous in 
time, then ut is Holder continuous in space and time with a corresponding estimate. In the 
following statement a G (0,1) is the exponent from the Krylov-Safonov Theorem, a positive 
constant depending only on the dimension and the ellipticity constants of /. 


Theorem 1.1. Let I be uniformly elliptic of order a G (0,2) with 1 0 = 0 and u a classical 
solution of, 


u t — Iu — f(x,t ) in x (—1,0], 

u = g on (M n \ Bf) x (—1,0]. 

If for some 7 G (0, a), f(x, •), g(x, •) G C 0,ry ^ a (— 1, 0] uniformly in x, then for some constant 
C > 0 depending on min( 7 , (a — 7 )) we have the a priori estimate, 


\u t {y,s) -Ut(x,t)\ 

x,ye b 1/2 (\x - y\ + \t - sl 1 /^ ~ 
t,se(- 1 / 2 , 0 ] 


sup \\f(x, OllcW'l-i.o] + SU P \\g(x, •)llc°.^(-i,o] 

,ieBi zeR^VBi 


We also obtain an almost optimal result in the sense that if the complementary data 
is just bounded, then u is Holder continuous in time for every exponent less than one, see 
Corollary 13.51 Whether, in the bounded data case, the solution is actually Lipschitz in time 
or not remains open. 

Let us briefly compare this to known results for non-local equations. When a G (0,1), the 
case of bounded data was treated by J. Serra in [22] and, same as in our case, proves a Holder 
estimate in time for every exponent less than one. When a G (1,2), as in our theorem, the 
best known results assert that (for bounded data) u is Holder continuous in time for some 
exponent slightly bigger that 1 /cx (see ( 22 ] [ 8 ]), which is substantially weaker than our result 
when cr is away from one. For the case of Lipschitz continuous complementary data, an 
argument using the comparison principle and the Krylov-Safonov estimate gives that Ut is 
Holder continuous, which is far from optimal in the dependence on the complementary data. 
For linear equations with Holder continuous data, T. Jin and J. Xiong showed in [TB] that 
u t is Holder continuous. 

For non-local parabolic equations in particular, differentiability in time can be a very 
convenient property. For example, for concave equations, analogues of the Evans-Krylov 
theorem and Schauder estimates are quite difficult, and have only recently been established 
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for nonlocal operators without extra smoothness assumptions on the kernels in [Hi, 21], in 
the elliptic case. In the final section, we give an easy application of our result to show 
that their theorems still hold for parabolic equations with Holder continuous data and such 
kernels. 

The first idea in the strategy consists on trading off the boundary data for a right-hand 
side by truncating the tail of the solution, this is already a standard technique for non¬ 
local equations. Our main contribution consists of showing a diminish of oscillation for the 
incremental quotients := 1 by assuming some Holder continuity of the 

right-hand side introduced by the truncation. This involves several challenges; on one hand, 
the equation for 5 t u/t 13 has a right-hand side that might degenerate as r approaches zero. 
On the other hand, by using the corresponding scaling for 5 T u/r 13 we make u grow. The 
key idea is to assume some small a priori Holder continuity for 8 t u/t 13 which gives a way 
to control the difference quotients for r arbitrarily small by the difference quotients with r 
bounded away from zero. This is rigorously established in the proof of Lemma [3.21 

We have recently applied the same argument to a related problem for second-order fully 
non-linear parabolic equations in [TO]. The techniques are very similar and avoid some of 
the technical difficulties found in the non-local case. A more general result for linear second- 
order parabolic equations in divergence and non divergence form has been obtained in [15 
by different methods. 

1.1. Applying the Main Result. At face value, Theorem 11.11 applies to smooth solutions, 
but here we outline how to apply it to obtain information about viscosity solutions in several 
situations. We do not define viscosity solutions here, but rather refer to [7] or [ 20] , 

First, consider the initial-boundary value problem 

u t -Iu = f(x,t ) in Bi x (—1, 0], 

u = g on (M n \ B\) x (—1,0], 

where g is a bounded continuous function. A consequence of Theorem 11.11 and a certain 
approximation procedure is that there exists a viscosity solution u to this problem which 
also satisfies the conclusions of the theorem. This approximation procedure is explained in 
the appendix, Section l5Tl 

Second, say that the operator / in the initial-boundary value problem above admits a 
comparison principle between a viscosity supersolution and a viscosity subsolution. Then the 
problem has a unique solution, and so (applying the previous observation) any solution will 
inherit the estimates of Theorem 11.11 This is known to hold when / is translation-invariant, 
i.e. when it commutes with spatial translations. This was established for stationary solutions 
in jT] and [2]; the parabolic case is essentially identical, with some details given in the 
appendix of [23]. Thus for a translation-invariant operator /, our theorem applies equally 
well to viscosity solutions. In [T], certain classes of x-dependent operators are also shown to 
admit a comparison principle, and these results may also be applied to parabolic equations. 

Third, say that the operator I admits a comparison principle between one viscosity solu¬ 
tion and one special solution constructed by approximation (which will inherit our estimate). 
This leads to the same conclusion as in the previous situation. The most obvious use of this 
remark is when our special solution turns out to be classical; this is the case when / is 
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convex or concave, and we explain the procedure in detail in Section [4j The point is that 
a comparison principle between a classical solution and a viscosity solution is an immediate 
consequence of the definition of viscosity solution. There has also been some recent work (see 
USD on comparison principles between a viscosity solution and another viscosity solution 
with extra regularity properties, which may be of use in similar arguments. 

The paper is organized as follows: Section [2] explains our notation and gives basic defi¬ 
nitions. Section [3] contains the proof of Theorem 11.11 Then in Section [4] we discuss how to 
apply the a priori estimate and use it to derive a non-linear parabolic Schauder theorem. 
The appendix contains some lemmas about Holder spaces and approximation of viscosity 
solutions by smooth solutions of perturbed problems. 


2. Preliminaries 

2.1. Notation. For functions q = q(x ) (typically of just time or just space) we use the 
notation, 


: = sup 


\q(x) - q(y)\ 


Ja \x-y\< 


\c2’ a (A) '■= Sll P 19 0*01 + [q]ti°.* (A y 

x&A 


The spaces C* ,a are defined in the usual way, demanding that all derivatives of q of order k 
are in C® ,a , and the lower-order derivatives are bounded. 

Given C M”, A C M n x M. and a,r G (0,1), 


d p (fi x (ti,t 2 ]) 
[y]c°’ a (A) 
IMIc°’ a (A) 

8 t u(x, t ) 


:={R n x{t 1 })\J{{R n \n)x{t 1 ,t 2 ]), 

\u(x, t ) — u(x f , t') I 
(*,t),^)6A (\ x ~ x '\ + \t ~ t , | 1/ ' T ) a ’ 
= sup \u\ + [w]co.“(A) 

A 

:= u(x, t ) — u(x, t — r), 


“Li 


u(y)\ min (l, \y\ (n+ff) ) dy. 


We will frequently use the cylinders Q r (x,t) := B r (x) x {t — r a ,t)- Whenever we omit 
the center we are assuming that they get centered at the origin in space and time. As it is 
standard for evolution type problems we consider the parabolic topology on M n xM generated 
by neighborhoods of the form Q r (x,t ) with respect to the point (x,t). 

To discuss classical solutions, we say that (a function of space only) is in Class(H r (xo)) 
if u G Cl’ a ~ 1+£ (B r (x 0 )) for some £ > 0 and u G L\. A function of space and time belongs 
to Class(<5 r (x 0 , to)) if it is continuously differentiable in time, has u(-,t) G Cl ,a ~ 1+£ (B r (x 0 )) 
for each t G (fo — r °, to], and lies in C((t 0 — r a , £ 0 ] —> L l a ). 
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2.2. Non-local Uniformly Elliptic Operators. Given a G (0,2), a measurable kernel 
K : R n —> [0, oo) and a vector b G R n , the non-local linear operator L° Kb is defined by, 

l kM x ) := ( 2 ~ a ) [ Mu y) + b ' Du ( x ), 


\y\ 


Su(x;y) := u(x + y) - u(x) - Du(x) -yXsAv)- 


Given that u G Class(fl), it is enough that K is bounded for the integral to converge. In 
order for L a Kb to be uniformly elliptic it suffices that K is bounded away from zero (more 
general conditions on the kernel under which the elliptic theory can be developed had been 
recently studied in [20]). Here is the family of linear operators we will be dealing in this 
paper. 

Definition 2.1. For a G (1,2) and 0 < A < A < oo, let £ 0 = £q(A,A) be the family of 
linear operators L a Kb such that 

K(y) G [A, A] for all y G R n and |6| < --. 


This family is scale invariant in the following sense. Consider a rescaling u(x) = u(kx) 
for k G (0,1), then we have that, 

( L R , 6 ^) 0 ) = ( L K,bU) (KX), 

where, 


B!\B k 

Scale invariance then means that L a K b G £o implies Lf, - G C 0 as well. 

We will use the following extremal operators, 

A4 + u(x) := sup Lu{x) and M.~u{x) := inf Lu{x). 

Lec 0 Le£ ° 

By the scale invariance of £ 0 we g e t H ie following homogeneity for Ai ± : Given a rescaling 
u(x) := u(kx), 

( k M ± u) ( x ) = (. M ± u ) (nx). 

Non-linear operators are now obtained as a combination of linear operators. 

Definition 2.2. A function I : Q x UB r ( x )cnClass(B r (x)) —$■ M (written as I(x,u ) = Iu{x)) 
is called a non-local operator of order a. We say that I is uniformly elliptic if for every 
B r {x) G and u,v G Class(B r (x)), 

M~(u — v)(x) < Iu(x ) — Iv(x) < M + (u — v)(x). 

We say that I is 1-continuous if I u(-) is continuous on B r {x) C for every u G Class(B r (x)). 
We say that I is oo-continuous if I u(-) is continuous on B r {x) C for every u G Class(B r (x))D 
L°°(R n ). We say that I is translation-invariant if it commutes with translation operators, i.e. 
ifT h v(x ) = v(x — h), B r (x) C and \h\ < r, then T h Iu(x) = IT h u(x ) foru G Class(B r (x)). 


K(y) := K(ny) and 


b := K 


( 7 — 1 


b + (2 — <j ) 


yK(y) 

\y\ n +a 


dy . 


Let us summarize some properties and examples of non-local operators: 
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(1) If / is a uniformly elliptic non-local operator on then Iu(x ) depends only on the 
bounded sequence {Lu(x)} l&c 0 and x. We may therefore write Iu{x) = I(x, { Lu(x )}) 
as an operator defined on the product of and a subset of the space of sequences 
Z°°(£o). The uniform ellipticity of / guarantees that for any pair of sequences 
{a^}, {b L } in /°°(£ 0 ) if is defined for, we have 

inf{a L - b L } < I(x, {a L }) - I(x, { b L }) < sup{a L - b L }. 

It will be helpful later that (for each x) there is a way of extending / to the entire 
space /°°(£o) so that it preserves the above uniform ellipticity property. One way of 
accomplishing this is via the formula 

I(x,{a L }) = inf (J(x, {b L }) +sup{a L - b L }), 

(Men 

where U C /°°(£ 0 ) represents those sequences on which I(x, •) is already defined (i.e. 
ones of the form {Lv(x)} for v G Class(fl)). 

(2) Any translation-invariant uniformly elliptic non-local operator is 1-continuous. The 
extremal operators are examples of translation-invariant, uniformly elliptic non¬ 
local operators. More generally, so is any operator of the form 


Iu = inf sup L a pu 

a p 

provided the collection { L a C £ 0 . 

(3) An operator of the form 

Iu = inf sup L a fi jX u = inf sup(2 — a) [ 8u(x ; y) — ^ + b a ^{x) ■ Du(x) 


\y\ 


where {L a ^ yX \ C £ 0 , is a uniformly elliptic non-local operator. A sufficient condi¬ 
tion for this to be 1-continuous is that the family {b a ^} is equicontinuous and that 
{K a ,p(’,y)} is equicontinuous in a,/3, and y\ oo-continuity only requires the weaker 
condition 

\\KaA X + V) - K a: p(x, -)||li -> 0 

uniformly in a, /3, as h —> 0. The operators we consider in Section[I]are oo-continuous. 

(4) The notion of being 1- or oo-continuous is a very weak one, and is related to the 
stability properties of viscosity solutions. As we are proving an a priori estimate, we 
do not require it; however, to pass to viscosity solutions it will typically be needed. 
It is typical of works treating ^-dependent non-local equations to build this kind of 
assumption into the notion of non-local operator (see, e.g. a)- 


The following estimate can be found in [0]. 

Theorem 2.1 (Krylov-Safonov). There exists a universal exponent a, G (0,1) and constant 
C such that for u G Class(Q \) satisfying in Q i, 

u t — M + u <\f(t)\ and u t — A4~u > *|/(i)|, 


u 


Ic°’ s (q 1/2 ) - C 


sup 

. *e(—1,0] 


Ht) || L i + ||/|| L i(_i i0 ] 


then 



FURTHER TIME REGULARITY FOR NON-LOCAL, FULLY NON-LINEAR PARABOLIC EQUATIONS 7 


In particular, given I uniformly elliptic with I{x, 0) = 0 , a similar estimate holds when u 
satisfies, 

u t — Iu — f{x, t) in Q i. 

In this case ||/||li(-i,o] has to be replaced with || sup xeBl \f(x, -) 11| z,i(—i,o] or just sup Ql |/| in 
the C 0,a estimate. 


The theorem applies to viscosity solutions as well, but we will not require that here. 
From now on we fix a G (0,1) to be the exponent in the theorem above. 


Finally we introduce the following semi-norm in order to measure the regularity of the 
boundary data in an integrable fashion in space, 

r 1 8 r g(t) 


(t-T,t\C(a,b\ 

= sup 

(t—T,t]Q(a,b\ * 


T-\Br 


L\ 

r 

t p 


\9M - g(y,t - r)\ mm(1 _ M -^ ))dy 


We 


say that g G Cl'J l<T {a,b\ if \g\ c 0 , 7 /a (a „ < °o. 


Remark 2.2. The estimate in Theorem \2.1\ is one of the main tools we will use in Section 
0 in order to prove our result. The same strategy for a more general class of operators, as 
the one considered in the recent paper [ 20 ] , or other current research such as in mmm, 
could be applied as long as a similar estimate, controlled in terms of sup tg (_ 10 ] ||u(f)|| L i , is 
available. 


2.3. Precise Statement of Main Theorem. We now state the theorem which we will 
prove in this paper, using the notation introduced above. 


Theorem 2.3. Let o G (1,2), I be uniformly elliptic of order a with 1 0 = 0, and u E 
Class(Q 2 ) satisfies 

u t — Iu = f{x,t ) classically in Q 2 , 
u = g on d p Q 2 . 

Assume that for all x G B 2 , f(x, •) G C*’ 7 /°'[—2°", 0] and g G Cf 'flJ' 7 {—T 7 , 0] for some 7 G 
(0, a) where a is the exponent from the Krylov-Safonov theorem. Then u t exists pointwise, 
and for some constant C > 0 depending on min( 7 , (a — 7 )), 


MIc°.7(q 1/2 ) < c 


sup 

t€(- 2 CT , 0 ] 


“(*)lUi + [9\ c y 2 /° { - 2 ^, 0 ] + SU P WfMW^r. 


XGB 2 


Cp~' (—2 a ,0] 


Assume instead that f is only bounded. Then for every /3 < 1, there is a constant C = C(j3) 
such that 

sup [u(x, •)]c°’ /3 f [ - 10 n < C \ SU P + sup I/I 

x£Bt * U ’ U yte(-2-,0] q 2 

The constants depend only on the ellipticity constants of I, and in particular remain uniform 
as a —» 2 . 



This theorem implies Theorem 11.11 
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3. Proof of the Main Theorem 


The goal of this section is to establish Theorem 13. 11 to follow. It includes only the first 
half in Theorem 12.31 The case of bounded right-hand side and bounded boundary data is 
obtained as a preliminary result in Corollary 13.51 

Theorem 3.1. Let I be uniformly elliptic with I(x, 0) = 0 and u G Class(Q 2 ) satisfies, 

u t — Iu — f(x,t) in Q 2 , 
u = g on d p Q 2 

Assume that for all x G B 2 , f(x, ■) G C*’ 7 / cr [—2 <r ,0] and g G C^ a {—2 a , 0] for some 7 G 
(0, a) where a is the exponent from the Krylov-Safonov theorem. Then u t exists pointwise, 
and for some constant C > 0 depending on min( 7 , (a — 7 )), 

IMIc°.-r(Q 1/2 ) < C sup ||u(t)|| L i + sup \\f(x,-)\\ 0n/ a ( _ 2 . + [g] o, T / CTf , 

\ie(—2 CT ,0] x gb 2 * v J CT ’ 2 ^ J 



The key step is established in the following lemma. Notice that for e = 0 the follow¬ 
ing statement is just a diminish of oscillation leading to a C°’ a estimate for the difference 
quotient. 


Lemma 3.2 (Diminish of Oscillation). Let u G Class(Q 2 ) satisfy the following inequalities 
in Qx for some S > 0 and every t G (0,1) ? 

( S T u) t — A 4 + S t u < 5 and ( S T u) t — M.~5 r u > —5. 


Given (3 G (0,1), a G (0, a) and £ G (0, ( a — a)), such that, 

13 + e/a < 1 , 

there exists constants p, <5 0 £ (0,1) depending on (a — a) and e, such that, 


sup 

re(0,i) 

ieN 0 


6 t u 

r p 


Wfa-iXi-l, 0 ]) 


< 1 


and 6 G [0, <5 0 ]> 


imply, 


sup 

r6(0,l) 


8 t u 


<v c 


c°’HQG 


Proof. The value p G (0,1) will remain fixed for the duration of the proof; it will be specified 
later explicitly. Assume by contradiction that there exists u that satisfies the following 
inequalities in Qi, 


Moreover, 


( 5 r u) t — A i + S T u < 5 and 


( 5 r u) t — M. 8 r u > —5. 


sup p m 
re( 0,1) 

«eN 0 


5 t u 





< 1. 
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However, there exists a cylinder Q r (x 0 ,t 0 ) C Q M for which, 

a £ 

sup OSC —~~ > /i r . 
re(0,i) Qr(xo,to) r p 

Consider the following rescaling for n := r//i, 

w(x, t) := k~^^ + ^u (kx + t 0 , K a t + t 0 ), 

S T W , . __ f 5 k <t t U \ . rr X 

-(x, t) — K I - -- ) (kX + X 0 , K t + to) 


T‘ 


p 




The hypotheses for the difference quotients of u imply that 


(3.1) sup // 

tg(o,k- ct ) 

*GN 0 


S T w 




C°^(b x(—1,0]) TG(0,1) 

V M ' *GN 0 


StW 


(3.2) sup osc — j- 

rG(0,/c- a ) 


= K SUp OSC 


< sup /i' 

rG(0 
iGU 

5 t u 


S t u 


T b 


< 1, 


c°.«(fl iX(-l,0]) 


G(0,1) Qr(x 0 ,t 0 ) T' 


p 


> h 


ot+E 


The next step consists of showing that a hypothesis similar to (13.2ft holds taking the 
supremum with respect to r away from zero. Namely r E (r, K~ a ) for some f E (0, K~ a ) 
depending on /i and e. Indeed, dehne for (x,t), ( y , s) E Q 

z(a) = u> (t, t + K~ a a) — w (y, s + n~ a a) , 
applying Corollary 15.21 to z: 


sup 

rG(f ,k _ ct ) 

1 

>- sup 

2 rGiOA-'p 


S T w(x,t ) S T w(y,s) 


'J-p 'fp 

S T w(x,t ) S T w(y,s ) 


T' 


p 


T< 


p 


- Cf eja sup 

tG(0,k- ct ) . 


<Lu; 


r p 


C 0 ’ e (Qi) 


The second term on the right-hand side is controlled from (13.11) . After taking the supremum 
in (x,t), ( y,s ) G and using (13.2p . this gives 


(3.3) 


X n > // Q + £ n a+£ 

sup OSC — 5 - >- Ct ' > -, 


rG(f,K- CT ) Qv T p 2 4 

provided that r £//<T is sufficiently small with respect to /i Q+£ . 

Let us fix some r E (f, A _cr ) and 

/ x . . S T w, 

v(x,t) = -^-(x,i) - —( 0 , 0 ) 

By scaling and the homogeneity of the extremal operators we get that v satisfies two in¬ 
equalities in Q i, 


v t - M + v < < A 


v t -M~v> -K a ~ a0 - £ ^ > —* 

t p 


T h 


and 
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In order to use the Krylov-Safonov Theorem 12. II we need to control the two terms in the right 
hand side of such estimate. By applying (13.ip on each of the large annuli B^-i \ B ~(i~ i>, we 
have the following estimate uniform for the variable t E (—1,0] which is omitted, 


MUi < 



< £ ST' i(<j—a—e) 

M” + -- h 


C 

1 - ix a ~ a ~ e 


<C, 


provided that /i is sufficiently small. The right-hand sides get controlled by one provided 
that h < t 13 =: ho- Then, by the estimate in Theorem 12.11 we get the following contradiction 
to (13.31) . by fixing now /i sufficiently small in terms of (a — (a + e)), 


oscu < CpP < — 
Q„. 8 


□ 


In the following step we iterate Lemma lT2l at smaller scales. In this sense, we might take 
advantage of the modulus of continuity of the right-hand side. 


Corollary 3.3 (Iteration). Let u E Class(Q 2 ) satisfies the following inequalities in Q\ for 
some 5 > 0, 7 E [0,1] and every r E (0,1), 

(6 r u) t - M + 5 t u < hr 7/(T and (S T u) t - M~8 T u > -8 t^ /(T . 


Given ft E (0,1), a E (0, a) and e E (0, (a — a)) such that, 

1 + 7 /cr > /3 + a/a + e/a, 


there exists constants / 1 , ho £ ( 0 , 1 ) depending on (a 


sup /i m 

re(0,i) 

ieNo 


d T u 

r p 


c 0,e (B^-i X (—1,0]) 


< 1 


a) and e, such that, 


and h E [0, h 0 ], 


imply, 


sup 

«gn 

Go >^o)^=Ql/2 
rG( 0,M CTi ) 


6 r u 

H al TP 


0X0)) 


< 8 . 


Proof. Fix (x 0 ,t 0 ) G Q 1/2 and let, 

v(x, t) := u(x/2 + xq, t/2 a + t Q ) =>• S T v(x, t) = 5 T / 2 ^u(x/2 + x 0 , t/2 a + t 0 ). 

Notice that v E C(Q2) nb((-2 ff , 0] —> Lf) satishes the following inequalities in Q 1 for every 
re (0,1), 

(6 r v) t - M + 5 t v < h(r/2' 7 ) 7/fT (l/2 <T ) < hr 7/ff , 

{6 r v) t - M~5 t v > —h(r/2 cr ) 7/,<T (l/2 cr ) > -hr 7/CT . 


Moreover, given that (x 0 ,t 0 ) E Q 1/2 we get the inclusions B^-i/ 2 (x 0 ) C B^-i and (i Q — 
1 /2°", t 0 ] C (—1,0] such that, 


sup p, m 

tG (0,1) 

«GNo 


5 t v 

r P 


C®.«(B /J _ i x(-1,0]) 


2<Tp+£ 


sup fi 

rG( 0,1/2 CT ) 
iGNo 


r U 


T P 


- C°’ E (^-4^2(10) x (*° 1 / 2<T ’ t °0 


< 1 . 
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To prove the corollary it suffices to show that, 


sup /i 

ieN 

rg(0,2‘ T /i CTi ) 


8 r V 


< 1 . 


C°’HQ u i) 


We proceed by induction where the case i = 1 is already established by Lemma [3721 taking 
H < 1/2 if necessary. Assume for some i G Id and Q^^XqGq ) C Q 2 the inductive hypothesis, 


Let 


w(x, t ) : = 


sup /i 

r£(0,min(l,2' T // CT C—!))) 

j€N 0 


v(n l x, 


a(j-i) 


S T V 


< 1 . 




8 T w(x, t ) = 


(S^i T v)(n l x, ii ai t) 


^cri(P+a./cr+E/o ) T ' ’ ' ^cri(f3+a/ cr+e /a) 

such that it satisfies the following inequalities in Q\ for every r G (0,1), 


( 8 r w) t — M. + 8 T w < 


( 5 ( /xCT i r ) 7 /o 


A 


ai(f}+a/<j+e/cr) 


r < s, 


(M* - MSrW > - ..ZJ a + e/a) r > - 5 , 




given that /3 + a/a + e/a < 1 + 7 /er. 
From the inductive hypothesis, 


sup /i 

rg(0,l) 
jeN 0 


a? 


(LlU 


T P 


< sup fl 

C°> E (Qi) re(0,mm(l,2 CT /i' T ( i -D)) 
jeN 0 


a(j-i) 


By applying Lemma 13.21 to w we now obtain, 

8 r w 


1 > SUP /W™ 

rG(0,l) 


T‘ 


■P 


= sup /i 

C°’ e (Q m ) rG( 0 ,At CTi ) 


—a(i+l) 


<5 r U 


r /- 


<5 r u 


r p 


< 1 . 


c°’ e (Q„i-s) 


C°' e «^+ 1 ) 


> sup / u- a(i+1) 

rS(0,2 tT /i <T ( i + 1 )) 


(Lu 




which shows the desired inductive step and concludes the proof the corollary. 


□ 


The next corollary establishes an estimate over a higher order difference quotient by 
sacrificing a little bit of the e Holder exponent. 

Corollary 3.4 (Improvement of the Difference Quotient). Let u G Class{Q 2 ) satisfies the 
following inequalities in Qi for some 5 > 0, 7 G [0,1] and every r G (0,1), 

( S T u) t — M. + 8 r u < and ( 8 T u) t — M.~8 r u > —dr 1 ^. 

Given ,3 G (0,1), a G (0, a) and e G (0, (a — a)) such that, 

l + 7 /a > (3 + a/a + e/a, 
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there exists constants /i, <5 0 G (0,1) depending on a and e, such that, 

5 t u 


T' 


P 


INI c°’*(Ch) + sup n 

rg(0,l) 
igNo 

imply the following estimates: 

• If(3 + a/a + e/a<l then, 


sup 

rG(0,l/4 CT ) 




< 1 and 5 < do, 


T 


S T u 

p+a/o 


- C°’“ e / 4 (Q 1/4 ) 


<C, 


For some constant C > 0 depending on (1 — (f3 + a/a + e/a)). 

• If (3 + a/a + e/a > 1 then, 

||Ut|| C .0,a/3 + Q ,+ £ -a(Q 1/4 ) < C , 

For some constant depending C > 0 on ((/? + a/a + e/a) — 1). 
Proof. By Corollary 13.31 we know that there exists C > 0 such that, 

sup osc U R < C. 

Qr(x,t)CQ 1/2 Qr(x,t) r a e T 
TS(0,r CT ) 

Let x G Bi /2 and v(t) = u(x,t). From the above estimate using r = r <T , 


(3.4) 


S>(t) 


j-p+ct/cr+e/a 


< OSC 


S T u 


Q l/a(x,t) rh +a l a+£ l a 


< C. 


Let us consider the case /3 + a/a + e/a < 1. Here our goal is to get the estimate, 

5 r u 


sup osc _ ,, —— 

Qr(x,t)CQ 1/4 Qr(x,t) r a£ / 4 TP+<*/° 
rG(0,l/4 CT ) 


< C. 


At this point we notice that (13. 4 j) and osc(_i ) o] v < 1 are the main hypothesis used in the 
proof of Lemma 5.6 from |5j in order to obtain the following estimate, 


(3.5) 


5 r v(t) 


sup ' , < C => sup osc a, ,, , A 

(t-r,t]C(-l/2 CT ,0] Tl +a / a+e / a triangle inequality tG( 0,4- ct ) Ql/4 r^ + “/' 7+e /°' 


5 T U 


< C. 


We now £x Q r {x,t) C Q 1/4 and consider two cases. If r G (0,r Q / CT ) then from the previous 
estimate, 


5 t u 


osc 


T £/<y 

< < C. 


Qr(x,t) r a£ / A TP+ a / (T - r “ £ / 4 

If r G [r a / a , 1/4 CT ) then we use |M|c°’“(Qi) A 1 and the fact that 1 > /3 + a/a + e/a , 


8 r u 

OSC - — ~r~ < 2 — ttt — 7 — < 2 . 


Q r {x,t) r «e/4 r /3+a/cr - T P+a/a 

This concludes the estimate in the case j3 + a/a + e/a <1, 
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Let us consider now the case f3 + a/a + e/a > 1. From (j3.4[) and using Lemma [5731 instead 
we get the bounds 

S T u t (x,t ) 


(3.6) 


sup \u t \ + sup 

Q 1/2 (x,t)eQ 1/2 

re(0,l/2<0 


^-fi+a/cr+e/a—l 


< c. 


At this moment all we have to show is that given ( y , s) e Q r (x,t ) C Q 1 / 4 , 
(3.7) \u t (x,t)-u t (y,s)\ < Cr ^ +a+£ ~F 

Let t = r a such that from (j3.6j) we obtain, 


S r cru(x,t ) 5 r au(y,s) 


On the other hand, using (13.6[) once again, 


< Q r <J0+a+£—cr 


S r &U 


- Ut 


(: V,s)<— / \u t (y,s +a)-u t (y,s)\da < Cr al3+a+£ <T . 


A similar bound also occurs if we replace (y,s) by (x,t). Finally the desired estimate 
results from the triangle inequality by adding and subtracting _ s r au{ y ,s ) j ; ns p] e 

the absolute value in (13.7(1 . □ 

At this point we can give the proof of Theorem 11.11 in the case of bounded right-hand 
side and integrable tails. 

Corollary 3.5 (Bounded Right-Hand Side). Let I be uniformly elliptic with l(x,0) = 0 and 
u 6 (7(ass(Q 2 ) satisfies, 

(3.8) u t — Iu = f(x,t) in Q 2 - 

Given j3 G (0,1) there exists £ E (0,1 — j3) such that, 

S T u 


sup 


<C[ sup ||u(t)|| L i+sup|/| . 


Te(o,qp L t 1 C £ (Q ro ) yfe(-2<no] ' Q 2 

For some r 0 e (0,1) universal and C > 0 depending on (1 — j3). 

Proof. Assume without loss of generality, 


(3.9) 

Let 


sup ||it(t)|| L i + sup I/I < 1 . 
te(- 2 ct ,o] Q 2 


Po G (0, a/4), a := a/2, /3 k := + fca/cr, r fc := l/16 fc+1 . 

Our goal is to prove that as long as /3n < 1, 

S T u 


(3.10) 

where 


sup 

re(o ,r a N ) L 


r Pn 


A C]y, 


T " C°- £ lv(Q r 
e N := min((l - ^at)/4, 01 /A)(oi/A) n . 
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Then the result follows by a standard covering argument both for the domain of the equation 
and the interval of Holder exponents. Notice also that /3n < 1 implies N < 4/a such that 
any dependence on N is actually universal. On the other hand, the dependence on 
degenerates as (3n approaches 1 . 

The idea is to iterate Corollary 13.41 using 7 = 0. In order to do this we consider at each 
step the following truncation starting with vq = u, 

v k (x,t) \= r](x)vk-i(x/16, t/16 a ), 

where rj(x) G [0,1] is a smooth function supported in £>4 and equal to one in B 2 . Our goal 
is to establish the following inductive steps: 

(IH1) For fceN 0 and every r G (0,1) the following inequalities get satisfied in Q 1 , 

{8 T v k ) t - M + S r v k < -Ci jk and ( S T v k ) t - M~S T v k > -C 1>k . 

(IH2) For £ = 1,2,..., (N + 1), 

S T v k 


sup n 
re(0,l) 
*gn 0 


T 


Pk- 


Q°’ s k-1,N 


(V‘X(-1-°]) 


< C 2 ,k 


where 


e ktN := min((l - /3 N )/4, a/4)(a/4) h 


The hypothesis (IH1) is satisfied in the case k = 0 with C^o = 2 from (I3.8[) . the translation 
invariance of / and the bound for / provided by (13.9p . Assuming that (IH1) holds for an 
arbitrary k G N 0 we get that for every r G (0,1) the following inequality gets satisfied by 
^r^k+l bl Q\-, 

( \ 


( S T v k+1 ) t -M + 5 T v k+ 1 < (1/16 <T ) 


= (l/16 tT )(5 T/16 <TUi.)t 
<=r)=l 


If k = 0, then we use 


T/i6 aV k) t — AT + 5 T /i6<^Ufc + A / f + ((l — Tj)8 T /iQ<Tv k ) 


\ 


V 

=0 in Bi 


) 


<C lyk + C sup \\v k {t)\\ L i. 
te(- 2 CT , 0 ] 


sup ||v 0 (t)||Li = sup ||«(t)|Ui < 1 . 

tG(-2 CT ,0] t£(—2 CT ,0] 




2 / 16 k 


< C sup ||«(t)|| L i < C. 


Otherwise, if k > 1 then we use that, 

sup \\v k {t)\\ L i < C\\u\ 

t€(- 2 ct , 0 ] 

In any case, and using a similar argument for the super solution inequality, we get that (IH1) 
holds for k + 1 with C^ k+ i = C\, k + C. 


tG(- 2 CT , 0 ] 


To obtain (IH2) for k —1 we proceed as in the proof of Corollary 13.41 bv considering two 
cases. If r G (0, r a ) then we bound the oscillation in the time variable in terms of r by the 
Krylov-Safonov estimate and then use the triangle inequality to obtain, 


8 t u 

sup osc -- 5 - 

Qr(x,t)cQ 1/2 Qr(x,t) r eo ’ N rP° 


r a/2-/3o 

< c -< c. 

fSQ ,N 
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If r G [r a , l/2 a ) then we use instead that osc Q r ( x ,t) 8 r u < oscg r ( Xit ) u + oscQ r ( Xtt - T ) u, for which 
each term gets controlled in terms of r, once again using the Krylov-Safonov estimate, 


osc 


sup — „ 

Qr(x,t)c Ql/2 Qr(x,t) r £ °’ N TP° 


Then we get the following estimate for u, 

S T u 


X 'll £(),N 

°- u < c< c. 


sup 

re(0,1/2-) l Tl 


rPo 


rP 0 


< c. 


C'°’ £ °’ jv (Q 1/2 ) 


This establishes (IH2) for v\ after considering the scaling and the truncation given by 77 . 


At this point we assume the inductive hypotheses (IH1) and (IH2) for some k G {1, 2,... ,N} 
and see how to obtain (IH2) for k + 1. By the Krylov-Safonov Theorem 12. 1 1 and 


IMIc°>a(Qi) < IMIc°.“(Qi) < C. 

The hypothesis of Corollary 13.31 with 7 = 0 now apply to the following function, 

v k 


Vk = 


<5 0 l C\ t k + C2,k + C 


Then, as long as k < N, such that 1 > (3n implies 1 > j3k~ 1 + a/a + £fe-i,iv/c r , we get that, 


sup 

tG( 0,1/4 ct ) L 


S T Vk 
Pk 


T 


< c 


Q°’ e k,N 


sup 

tG( 0,1/4 ct ) . 


8 T Vk 
Pk 


T 


Q°’ e k,N 


<C'(5 0 - i CiA + C'2, fc + l). 


This establishes (IH 2 ) for u fc+1 with C 2) k+\ = l C\^ + C 2y k + !)• 

The hnal iteration in this inductive argument establishes the desired estimate f!3.10p for 
u and concludes the proof of the Corollary. □ 


To conclude the proof of Theorem 13.11 we just need to iterate the procedure one more 
time starting with a Holder exponent sufficiently close to one. This is possible because of 
the Holder hypotheses. 


Proof of Theorem \3.1[ Let us assume without loss of generality that, 


sup \\u(t)\\ L i + sup II f(x, -)|| c o, 7/CTf _ 2CT 01 + \g\ c o, 7 /a f 

tg(—2 CT ,0 ] iGB 2 * v CT - 2 


— 2 ct , 0 ] - 1 ’ 


By Corollary 13.51 we know that for /3 1 — there exists some e G (0,1 — j3) such 

that, 

5 t u 


sup 

rG(0,l/2 CT ) . 


T h 


< c. 


C°’ e (Q 1 / 2 ) 


Same as in the proof of Corollary 13.51 we consider the truncation, 

v(x,t) := rj(x)u(x/16, t/16 cr ). 

By using the Holder hypothesis for the right-hand we get that the following inequality is 
satisfied in Q 1 for every r G (0,1), 

(3.11) (8 T v)t - M + 8 t v < Cr l/a + (1/16 CT )M + ((1 - rj)8 T/1 ^u). 
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Now we split the second term in the following way using f = r/16 CT and t = tj 16°", 


(3.12) M + (( 1 - fj)SfU) < C (||4« (t) llii(a) + ||<5f9XR"\B 2 ||L>) , 

<C(\\S f u (t) |U. ( b 2 ) + tB/“), 


In order to control || S f u (t) ||l 1 (b 2 ) we consider Q 2 d{x 0 , t 0 ) C Q 2 and v(x, t ) := u(dx+x 0 , d a t+ 
t 0 ). By applying Corollary 13.51 to v with j3 = y/cr we obtain that, 


S^u 

r^l a 


(xo,t 0 ) < Cd 1,0 


sup 

(t—2r] C (—1/16 CT ,0] 


8 2 r u{t) 


Tll ° l 1 (b 2 ) «-7 

CT l/a 


< 


C 


(3.13) 


Lemma l 5 . 4 l 


sup \\S T u(t)\\ LHB ) < 

(t— 2r]C(—1,0] 1 j a-7 


Putting fl3.1ip . f!3.12p and (13.13P and we get, 

(3.14) (S T v) t - M + 5 r v < Cr l/a and (8 r v) t - MS T v > -Cr 7/rT , 

where the super solution inequality follows by a similar argument. 

Finally, by applying Corollary 13.31 to v in the case (3 + a/a + e/a > 1 we obtain the 
desired estimate. □ 


4. Applications 


Theorem 11.11 may be applied to viscosity solutions of non-local fully non-linear equations. 
Indeed, combined with the approximation procedure sketched in Proposition 15.51 in the ap¬ 
pendix it always guarantees the existence of a viscosity solution u to a Dirichlet problem 
which satisfies the conclusion of the theorem. This is especially useful if the solutions are 
known to be unique; this is true whenever / is independent of x (see 0), or when there is at 
least one classical solution. The recent work [TH] gives some additional situations in which 
uniqueness is known in the elliptic case, and similar results should hold in the parabolic 
setting. 

The following is an application to the parabolic Evans-Krylov theorem. We note that 
the result below is equally We note that the assumptions on the regularity of /, /, and the 
boundary data may not be greatly relaxed unless further restrictions are placed on the class 
of kernels. 


Theorem 4.1. Let a G (1,2), u be a classical solution of Ut — Iu — f in Q 2 . Assume that 
I is a concave uniformly elliptic operator of the form 

8u(x-y)K a (x,y)dy 


Iu{x) = inf (2 — a) 

a&A 


\y\ 


n+cr 


where K a (x , y) = K a (x, —y). Assume that for some a < a with a + a 2, we have 

f | K(x, y) — K(x', y)\dy < r n \x — x'\ a 

J B2r\B r 


Slip II? 0 IIC7^ ,Q: (]R n ) 11^11 ✓"v0,a:/(7 ^ I 5 

te(- 2 ^, 0 ] * CT ’ 2 


for each r 
























FURTHER TIME REGULARITY FOR NON-LOCAL, FULLY NON-LINEAR PARABOLIC EQUATIONS 17 


and 


C 


*(Q 2 ) < !■ 


Then u admits the estimate 

(4.15) II m 4||c°' q (Qi) + ||(~ / ^) <t ^ 2m IIc°'“(Qi) < C. 


Proof. Applying Theorem 13.II to u, we have immediately that 

IKIIc°>“(q 8/3 ) < c. 

Fixing a time t G (—(5/3) CT , 0], we may rewrite the equation as 

Iu(x) = u t (x) - f(x) x G B 5/3 , 

with the right-hand side bounded in C® ,a (B 5 / 3 ). Applying the theorem of J. Serra [21], we 
obtain the estimate 


(4.16) || u (‘> t) IIc'*’ ct_1+ “(r 3 /2) — 

and this is valid for each t G (—(5/3)°", 0]. It therefore suffices to show that 

(4.17) \(-A) a/2 S r u(x,t)\ < CT a,a 

for each t G (—1,0], x G B 1 , and r < dj. We will show instead that 

\(-A) a / 2 S 2 u(x,t)\ < Cr a/a , 


which implies (I4.17P after applying the proof of Lemma 5.6 in [5j. 
notation by writing 


(-A ) a/2 v := (2 - a) 


5u(x-,y)dy 

\y\n+a 


Below, we will abuse 


as, properly speaking, the fractional Laplacian should have a normalization constant c(cr, n). 
As c(cr, n ) is comparable to 2 —a in the range o G (1, 2), bounding this operator is equivalent. 

Assume a + a < 2. First, set 


(-A rJMx) = (2 -a) 


v{x + y) + v(x — y) — 2v(x) 


\y\>h \v I 

Then for any (x,t) G Q3/2, we have that from (14.161) . 


n+cr 


dy. 


|(-A ) a h /2u (x,t) - (~A) a/2 u(x,t)\ < c a sup 

S , 

(4.18) < Cc a h a 


| u{x + y, s) + u{x — y,s) — 2 u(x, s ) | 


\y\< h 


\y\ 


n+cr 


dy, 


for h < 4^. This allows us to estimate 

\(-A) a/2 S 2 u(x,t)\ < \(-A) a h /2 S 2 u(x,t) \ +C{2-a)h a . 
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We estimate the first term further by breaking it into two pieces, and using the Holder 
assumption on u (as in (13.13ft ) on the outer one. 


\(-A) a h /2 5*u(x,t)\ < C{2 — a) 


8 2 u(x + y) + S^u(x — y) — 2 S^u(x) 


< C{2 - a) I r a ' a + 


\y\ n +a 


dy + 


' h <\y\<To, 


S 2 u(x + y) + 8 2 u(x — y) — 2 8 2 u(x) 


I n+a 


dy 


' h <\y\<To 

In the remaining integral term, the numerator is bounded by Cr l+a ^ a from our estimate on 
u t . This gives 

| S^u(x + y) + 5lu(x — y) — 28^u{x)\ 

J h <\y\<To 


\y\ 


n+cr 


-dy < C {2 - a)T 1+a/a h~ a , 


from computing the integral of the kernel. After setting h = t 1 ^ and putting everything 
together, we obtain 

\(-A) a / 2 8 2 T u{x,t)\ < Cr a/fT , 

which implies the conclusion. Note that we used that 2 — a < 2 in each term to remove any 
dependence on a. 

Now assume that o + a > 2. In this case, we first show an estimate on the Laplacian of 
u. We claim that 

(4.19) ||Au|| c o,a +a -2 ( Q 4/3 ) < C. 

Again, the estimate in space follows directly from (14.161) . so it is enough to show that 


tr-|-a! —2 


\8 2 t Au\ < Ct° . 


The space estimate implies that 

c(n) 


A u(x) 


K 2 


u(x, t ) — u(x + y, t)dy 


B h 


< C\h\ 


cr+a—2 


On the other hand, from the time estimate on u, 


c(n) 


K 2 


5 2 u(x + y,t) — 8 2 u(x, t)dy 


B h 


< CT l+a/a h -2' 


cr-\-a — 2 


Combining these and setting h = r 1/,<T gives that 

| 8 2 t Au | < Ct 

and this concludes the proof of (14.191) . 

Now we proceed exactly as in the case of a + a < 2, except that we offer a different 
estimate in place of (14.181) . which is no longer valid. At any point (x,t), we have the 
estimate 

1 8 2 r u(x + y,t) + 8 2 t u(x - y,t) - 2 8 2 r u(x, t ) - y T D 2 8 2 u(x , t)y\ < C\y\ a+a 

from the space estimate (j4.16j) . We apply this to the integral of the incremental quotients 
along spherical shells, noting that the odd terms cancel: 


8[8 2 u](x, t; y)dy — c(n)r n+1 A8 2 u(x, t ) 


< Cr 


n—l+a+a 
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n-l+a+a + 


When combined with the estimate in time on An, this implies 

^ 5[5lu](x,t;y)dy <C(r 

\y\=r 

Integrating this in r against the kernel, we obtain that 

|(-A y'Xu(x,t) - (~A)l /2 S 2 T u(x,t)\ < (2 -a) 


5[8fu](x,t]y)dy 


\v\<h 


\y\ n+c 

<C[{2- a)h a + h , 2 -‘V 2± ^) . 


Now proceeding as in the case of a + a < 2, this leads to 


|(-Ar /2 ^0M)|<C(2-<T) 
Setting h = r 1//<7 yields the conclusion. 


T 


1 +ol/o 


+ h a )+Ch 2 -°T^. 


□ 


5. Appendix 


In the first part of this appendix we establish a few interpolation results about Holder 
spaces. The second half establishes an approximation procedure for viscosity solutions by 
classical solutions. 

The following lemma can be understood as a maximum principle. 


Lemma 5.1. For any u G C([—1, 0]), 
u(—1 ) = u(0) = 0 and 


sup 11 5‘ 
e(o,i) 


^ 11 L°°[—l+r,0] — - 1 


|w||l°°[-i,o] a l. 


Proof. Assume by contradiction and without loss of generality that there exists t G [—1/2, 0] 
that realizes the strictly positive maximum of (u— 1) in [—1, 0]. Then we obtain the following 
contradiction, 

—1 < 8 2 u(t) = (u(2t) — u(t )) — (u(t) — n(0)) <0 — 1. 


□ 


The proof of Lemma 5.6 in [5] shows that if a + /3 < 1 then there exits some constant 
C > 0 depending on 1 — (a + (3) such that the following estimate holds, 


sup 

TG( 0 , 1 ) 


5 T n(0) 

7 -a+P 


< c 


osc u + 
[- 1 , 0 ] 


sup 

-e(o,i) 


5 t u 


l+r,0]) , 


By applying this result followed by the maximum principle to, 


u(rs) + su(—r ) — (s + l)w(0) 
r Q+/3 sup rg( o !?) [yr] c o,a ([T __ i0]) 


we get the following corollary. 
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Corollary 5.2. Let a,(3 E (0,1) such that a + (3 < 1. There exists a constant C > 0 
depending on 1 — (a + f3) such that for any u E C([—1, 0]) and t E (0,1), 


In particular, 


sup 

rG(0,f) 


<5 r «(0) 

7 -h+ a 


8fu( 0 ) 


T 


P+a 


C sup 

rG(0,l) 


S-rU 


T h 


CS- a ([-l+r,0]) 


sup 

<5 t m(0) 

R 

1 

> - 

sup 

h r u(0) 

T P 

tG(t ,1) 

t p 

2 

rG(0,l) 


Cr a sup 

re(0,l) 


8-rU 


C°’“([-l+r,0]) 


Finally, this last lemma establishes a Holder estimate for the derivative when a + (3 > 1. 
Lemma 5.3. Let a, f3 G (0,1) such that [3 + a > 1 and u : [—1,1] —>■ R. such that, 

8 2 r u(t) 


osc u + 


sup 


[-Id] (t—r,t]C(-l,l] 

Then for some constant C depending on (3 + a — 1, 

II||i11)) ^ C. 


< 1 . 


Proof. By Lemma 5.6 from [5] we know that u is Lipschitz and therefore differentiable al¬ 
most everywhere. By a density argument it suffices to show that that for each point of 
differentiability to G (—1,1), 

I u{t) - u(t 0 ) - Ut(t 0 )(t - to)I < C\t\ a+l3 for t G [-1,1]. 


Assume without loss of generality that t 0 = 0, u(t 0 ) = 0 and u t (t 0 ) = 0. If there exists 
h G (0,1] such that u{h ) > Ch a+!3 , then by iterating the hypothesis of the Lemma we get 
for every i G N, 


2~ i h 


i—1 


C - ^ 2 -( Q+ P~ 1)j J h^- 1 > > 0, 


provided that C = 4/(2“ +/3 1 — 1). This contradicts n t (0) = 0 as i —)■ oo. 


□ 


The following Lemma can be proved as Lemma 5.6 in [5], 
Lemma 5.4. For u G C((— 1, 0] —> L 1 (H 1 )) and (3 G (0,1), 
8 r u(t ) 


sup 

(t—r,t]C(—1,0] 


T b 


LHB i) 


<C\ SUp ||lt(t)||z,i(B 1 ) + 


sup 




(t—2r,t]C(—1,0] 


8 2 u(t) 






5.1. Approximation by Classical Solutions. Let / be a uniformly elliptic non-local op¬ 
erator as in Definition 12.21 As in (1) of the comments after the definition, we will write here 
Iu(x ) = I(x, {L Kh u(x)}L K 6e c 0 ), and for each x extend I(x, •) to an operator defined for any 
sequence {a^} in l°°(C 0 ) satisfying the ellipticity property 

inf{aL - b L } < J(x, {a L }) - I(x, { b L }) < sup{a L - b L }. 
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Let us record here that, if T h v(x) = v{x — h) is the translation operator, we have that 
IT h u(x ) = I(x, {L Kb u(x — h)}), while T h Iu(x) = I(x — h, {L Kb u{x — h)}). Given L Kb G C 0 
with kernel K and drift b, i.e. 

8u(x;y)K(y) 


L Kjb u(x,t) = (2 -a) 


\y\ 


n+cr 


-dy + b ■ Du , 


define J(y) in the following way: first, find the value R 0 G (0, oo) such that 


(2 - a)R { 


-l 


\y ■ e\ 2 dy 4A 


Ib Rq \y\ n+a x(a-iy 


where e is a unit vector. This is always possible, as the left-hand side is proportional to 


R 


l — <7 


Then set 


J(y) = y■ b XB 


This implies that 


b=(2-a) j 


~ 1 ) 
R ° 4AR 0 

yJ(y)dy 


\y\ 


n+cr 


and also that J(y) < j. Dehne K'{y) = K(y) — J(y), which satisfies K' G [3A/4, A + A/4]. 
We may then rewrite the operator Lkm as 

5u(x;y)K'(y)dy 


Li<,b — (2 — cr) 


(2-a) 


(u(x + y)~ u(x - y))J(y)dy 


j j y\n+a J n+a 

The important point is that we have replaced the local drift with a non-local drift term. Set 

K(y) = + K '(y)x{\ y \>e} 

My) = J(y)x{\y\>e}i 


and dehne L e Kb by 

M,b = (2 — <r) 


5u(x;y)K' £ (y)dy 


-(2-a) 


(u(x + y)~ u(x - y))J £ (y)dy 


j \y\ n+a 

Note that this may alternatively be rewritten as 

5u(x- : y)(K’ e (y) - J £ )dy 


L E K,b — (2 cr ) J 


\y I 


n+cr 


+ (2 — cr)Vu • 


\ y \ n +a 

yJe{y)dy 


\y\ 


n+cr 


which is uniformly elliptic with constants A/2, A + A/2. 

Finally, choose a smooth positive function (ft supported on B\ with 

Set (ftr(x) = r~ n (ft{rx). At this point let us dehne, 

(5.20) I £ u(x,t) = f (ft £ {z - x)I (z,{L e K!b u(x,t)}) dz. 


The following proposition summarizes the useful properties of I E . 

Proposition 5.5. Let XI be smooth domain, I be an oo-continuous uniformly elliptic non¬ 
local operator, and let I e be as given in fl5.20jl . Then we have the following: 















22 


H. A. CHANG-LARA AND D. KRIVENTSOV 


(1) I £ is a uniformly elliptic non-local operator. 

(2) Let v be a function in Class(Q r (x,t)), with B r (x) C Assume furthermore that 
either I is 1-continuous or that v is globally bounded. Then 


sup | I e v — Iv\ —> 0 

Q r / 2 (x,t) 


as e \ 0. 

(3) Let f e G L°°(Ll x (—1,0]) and g £ G C{[— 1,0] —>■ L]f) be smooth functions. Then the 
Dirichlet problem 


I v t -I £ v = f e on L2x (-1,0] 

[v = g £ on d p (Ll x (—1,0]) 

admits a unique viscosity solution u £ in C{Ll x [—1, 0]) flC((-l, 0] —> Lf). Moreover, 
u £ is smooth (C a+a ) onfix (-1,0]. 

(4) Let f G L°°(Ll x (—1,0]) and g G C((— 1,0] —> L]f) flC(0 x {—1}), and take f £ , g £ 
as in the above with f £ -A- f locally uniformly and \\g e - 5||c((-i,o]^Li)nC(nx{-i}) ->• 0. 
Assume furthermore either that I is 1-continuous or that g, g £ are uniformly bounded 
and ||g — <? £ ||z,°°(r™ x (-i,o]) y 0. Then there exists a subsequence £k such that u £k 
converges locally uniformly on Ll D [—1,0] to a function u. This u is a viscosity 
solution to the Dirichlet problem 

ju t — Iu — f on LI x (—1, 0] 

1 u = g on d p (Ll x (—1, 0]). 


Sketch of proof. (1) follows from the definition of uniform ellipticity of I and the fact that an 
average of uniformly elliptic operators is still uniformly elliptic. Indeed, the same argument 
shows that for given smooth functions u,v, 

I £ u - I E v < sup L £ K b (u - v), 

a fact which will be useful momentarily. 

For (2), write 

I £ v(y, s ) - Iv(y, s) = J f £ (z - y)[I (z, {L £ Kb v(y, s)}) - / (z, { L Kyb v(y , s)})]dz 

+ J f>e(z-y)[I{z,{L Ki bv{y,s)})-I(y,{L K , b v{y,s)}))dz 

In the first term, from the uniform ellipticity of /, we have 

\ J i z A L K,b v (.y, s )}) ~ 1 ( z,{L K , b v(y,s )}) | < sup{| L £ Kb v{y,s) - L Kfi v(y,s )|}, 

which goes to 0 uniformly in (y,s) for any v G Class(Q r (a:, t)) by the explicit construction 
of L £ . For the second term, we may further subdivide it as 


Jf £ (z - y)[I (. z,{L Kfi v(y,s )}) - I (z, {L K)b v(z, s)})}dz 
+ / <t>e{z-y)[I{z,{L K , b v(z,s)}) -I(y, {L Kjb v(y,s)})]dz 
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The second term in this we recognize as the familiar quantity 

J M z ~ y)[ Iv (z, s) - Iv{y, s)]dz, 

which goes to 0 because of the continuity assumption on / and the assumption on v (which 
together guarantee that Iv is a continuous function). For the final remaining quantity, we 
again use the uniform ellipticity of /, this time to say that 

sup | (z, {L Ktb v(y,s)}) - I(z, {L Ktb v(z,s)}) \ < sup {\L Kjb v(y, s) - L Kjb v(z, s)\}, 

\z-y\<e L K}b ,\z-y\<e 


which tends to 0 uniformly for v G Class(Q r (a;, t)). 

We focus on the proof of (3). To this end, it is convenient to write 

I e u = A(2 - a) J + F(u) := £(u) + F(u), 

where F is a non-linear non-local operator. We give two estimates on F (see [ISj for complete 
details), the first of which follows from the uniform ellipticity of I £ \ 

F(u ) — F(v) = I £ u — I £ v — C{u — v) < sup L £ Kb {u — v) — C{u — v ). 


Using the form of each L e K b , this is bounded by 

\S(u - v)(x;y)\dy 


C 


n+cr 


< C F \\u — v\ 




J bc \y \ 7 

For the second estimate, let Th.u(x ) = u(x—h). Then from the definition of I £ by convolution, 
we have 

| T_ h Fr h u - Fu\ < C e \h\\\u\\ L i. 


Let B = U 0 ,Q (M n x [—1, 0]) for a < cr/2 fixed, and define the operator G : B —)■ B which 
maps a function u to the unique viscosity solution to the linear fractional parabolic equation 

f G(u) t — £G(u ) = f s + F(u) on U x (— 1 . 0 ] 

\G(u) = g £ on <9 p (Q x (- 1 . 0 ]). 

We claim that G has a fixed point. From the estimates on F, it follows that F : B —> B 
is continuous. As a consequence of regularity for the fractional parabolic problem, we have 
that 

||G(w) — G(n)|| c o,/3( R r lX [_ li o]) < C\\u — v\\b, 

for some (3 > a, so G is continuous and compact. Also, we have that G[u) satisfies an 
interior C <J+a estimate, so it is the unique classical solution. If for some a G [0,1] we have 
u = kG(u), then u satisfies 


(5.22) 


u T — (1 — k)£{u) — kI £ u = nf e onfix (—1.0]. 
u = ng £ on <9p(Q x (— 1 . 0 ]). 


The operator (1 — k)jC + kI £ is uniformly elliptic, so from [H] we have 
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with the constant independent of k. This implies the existence of a fixed point u from the 
Leray-Schauder fixed point theorem [13] . This u is the unique classical solution to (I5.22[) 
(with k — 1). 

Finally, to prove (4), observe that from the barriers in [9j we obtain that {w e } is equicon- 
tinuous (depending on the original initial data) in domains of the form hi' x [—1,0] for 
Q! CC R. We may therefore extract a subsequence u e —>• u locally uniformly, and u = g on 
x {—1}. Applying (2) and a standard argument about viscosity solutions, we obtain that 
Iu = f on x [-1, 0]; the details may be found in [5]. □ 

Acknowledgments: DK was partially supported by National Science Foundation grant 
DMS-1065926. 
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